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ABSTRACT 
In this paper, a diffusion-transport hybrid nodal method 

is presented that can effectively treat non-multiplying zones 
in pebble bed reactors.  The new method seamlessly 
combines the analytic coarse-mesh finite difference (CMFD) 
diffusion formulation and a transport theory-based response 
matrix formulation while retaining the properties and 
structure of the CMFD diffusion solver.  The resulting 
combined formulation is utilized in selected non-multiplying 
nodes in order to avoid using poorly homogenized data.  
Numerical results demonstrate the accuracy of the new 
methodology. 
 
 
INTRODUCTION 

The preparation of diffusion theory data for regions 
within a reactor core or reflector that contain no multiplying 
media requires special care.  Indeed, since no source is 
present therein, the regions must be treated as “driven” ones 
that receive all their neutrons from outside.  The most 
common approach to preparing homogenized data for non-
multiplying regions (e.g., reflectors and baffles) were 
reviewed by Smith [1].  One of these techniques is the 
extended assembly calculation method [1] in which a two-
zone approach is used that includes at least one 
heterogeneous fuel assembly and the reflector (and baffle if 
applicable).  That approach provides acceptable accuracy for 
use in nodal computations.  However it requires the pre-
computation of the homogenized data and is not compatible 
with the requirement of online generation of diffusion data, 
as needed in the PEBBED code methodology.  The foregoing 
discussion pertains mainly to ordinary non-multiplying zones 
such as reflectors.  However, when localized strong absorbers 

are present, such as control rods or burnable poisons, the 
spatially-dependent spectral effects are even more severe and 
more care must be taken in the preparation of the diffusion 
data.  In the case of the pebble bed reactor, the treatment of 
the latter situation has been approached in two ways.  In one 
approach, the Method of Equivalent Cross Sections [2,3], the 
control rod and a region around it are isolated and both a 
transport and a diffusion computation are conducted 
adjusting the diffusion data to produce a match for the 
transport results.  In the second approach, response functions 
are obtained from auxiliary computations, usually a set of 
detailed transport theory solutions for the region, then the 
“response functions” thus derived are used to provide 
internal boundary conditions for the whole core diffusion 
computations [4,5].  Both of these approaches are difficult to 
implement and require significant intervention from the 
analyst. 

This paper presents a mathematically rigorous method 
that builds on the response matrix approach while retaining 
the properties and the structure of the diffusion theory-based 
neutronics solver within the PEBBED [6] code.  The new 
method dispenses with the concept of internal boundary 
conditions and can (and is) implemented in a way that is fully 
transparent to the user.  The new method combines into a 
single framework the diffusion theory solution and the local 
transport solution.  Because of the single framework, the 
method retains the ease of use and the computational 
efficiency of the original diffusion solution method. 

NOMENCLATURE 
Areas and volumes 

ix∆ = Size of ith coarse-mesh node 

iΩ = ith coarse-mesh node 
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Macroscopic cross sections 
)(xg

RΣ = Group g removal cross section 

)(' xgg
s
→Σ = Scattering cross section (group g’ to g) 

)(xg
fΣ = Fission cross section 
g
fν = Number of fission neutrons per fission event 
g

iR,Σ = Homogenized removal cross section in ith node 

Fluxes and sources 
g
iΦ = ith coarse node average scalar flux (energy group 

     g) 
isg

i
,φ = Homogeneous surface flux on surface si 

isg
ih
,

,φ = Heterogeneous surface flux on surface si 

isg
iJ , = Net current on surface si 

isgout
iJ ,, = Partial outgoing current from surface si 

isgin
iJ ,, = Partial incoming current from surface si 
g
iS = Node average source term 
g
liS , = the lth spatial moment of the source term 

Rg
iZ

ieffS
,

,
~ = effective source term for the quantity Xg

iZ ,  

Functions and factors 
±±:g

iG = Green’s function 

( )
l

g
iG ,± = lth spatial moment of Green’s function 
Xg

i

i

Z
XsggR

,

, →′→′ = Partial current response function for the  

 quantity Xg
iZ , . 

isg
if , = Interface flux discontinuity factor on surface si 

Coefficients 
g
si

g
si

g
si iii

HED ,,, ,, = Coefficients for CMFD diffusion  

interface current formulation 
g
i

sg
i

sg
i

ii γβα ,, ,, = Coefficients for RF transport interface  
current formulation 

g
si

g
si

g
i

sg
i

sg
i ii

ii HE ,,
,, ~,~,~,~,~ γβα = Coefficients for hybrid  

interace current formulation 
isg

i
,Θ = Coefficient for RFNB equation. 

METHODOLOGY 
Direct CMFD Method from Analytical Diffusion Solution 

The Direct CMFD method was first introduced (in 
general simplified notations) by Chao [7].  Here we present 
its explicit derivation in notations that match the neutronics 
application in order to prepare the stage for the 
corresponding developments in transport theory. 

 
Let us consider the k-eigenvalue problem for the few-

group neutron balance equation: 

)()()( xSxx
dx

dJ ggg
R

g
=Σ+ φ , ax ≤≤0 , (1) 

 
0)0( =gJ , )()( aCaJ ggg φ= , (2) 

 
where 
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=≠

→ Σ+Σ=
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'''

'
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g

gg
f

g
f

eff

g

gg

ggg
s

g x
k

xxxS φνχφ , (3) 

 
and gC  is a problem- and methodology-dependent constant 
(i.e. 0.5 for diffusion theory).  Integrating Eq.(1) over a given 
coarse-mesh node }:{ 1+≤≤Ω iii xxx  results in the 
discretized nodal balance equation: 
 

x
g
ii

g
ii

g
iR

Lg
i

Rg
i NiSxxJJ ,...,1,,

,, =∆=Φ∆Σ+− , (4) 
 
where ix∆  is the size of the coarse node iΩ .  In order to 
obtain a system of equations for the coarse-mesh node-
averaged scalar fluxes g

iΦ  (i spaning the domain), we derive 

expressions for g
iJ  as a function of the g

iΦ  in adjacent 
nodes by means of the Analytic Nodal Green’s Function 
method [8] or its ILLICO equivalent [9].  On the left surface 
of the ith coarse-mesh node, the homogeneous surface flux 

Lg
i

,φ  can be expressed in terms of the Green’s function for 

the diffusion operator evaluated at node boundaries, ±±:g
iG  

(see ANNEX A) and its double moments within the node (for 
sources): 
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Similarly, on the right surface of the i-1th coarse-mesh, we 
have: 
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We use the relationship of continuity (or discontinuity) of 
homogeneous scalar fluxes on this shared surface by 
introducing interface flux discontinuity factors g

if  [1]: 
 

Lg
i

Lg
i

Rg
i

Rg
i ff ,,,

1
,
1 φφ =−− .  (7) 

 
Utilizing the relationship given by Eqs.(4) and (7), we derive 
the desired expression for Lg

iJ , : 
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.(8) 

By substituting Eq.(8) and the similar expression for Rg
iJ ,  

into Eq.(4), and repeating for all nodes, there results a 
tridiagonal system of equations for the coarse-mesh node-
averaged scalar fluxes, g

iΦ . 
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Direct CMFD Method from Transport Based Response 
Functions 

The integral quantities Xg
iZ ,  in energy group g, 

averaged over the volume or area of interest (denoted by X, 
which stands for either node volume ix∆  for the node of 
index i or for its surface si), can be formulated by means of 
the response functions (RFs) according to [4,5] 

 

∑∑
′ ′

′′
→′→′=

g s

sgin
i

Z
Xsgg

Xg
i

i

i
Xg

i

i
JRZ ,,

,
, ,

,  (9) 

where isgin
iJ ,,  is the partial incoming current from the 

surface si into node i and 
Xg

i

i

Z
XsggR

,

, →′→′  represents the partial 

current RF for the given integral property Xg
iZ , .  Note that 

in this application these integral quantities are the node 
averaged scalar fluxes, g

iΦ , the heterogeneous surface 

fluxes, isg
ih
,

,φ , and the partial outgoing currents, isgout
iJ ,, .  

The above formulation needs to be reformulated into a 
within-group formulation in order to allow its seamless 
incorporation within the 1D CMFD diffusion formulation.  
For instance, the quantities averaged over the right surface 
are written as: 
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i
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where 

Rg
iZ

ieffS
,

,
~  is the effective source containing the partial 

incoming currents for the other energy groups, which must be 
updated at every iteration.  After all the relationships for the 
quantities Xg

iZ ,  are formulated, the nodal balance equation 
can be derived based on the response function (RFNB 
equation).  It is given by: 
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where Rg

i
,Θ  and Lg

i
,Θ  are coefficients calculated by means 

of the RFs.  To find formulations for the interface currents, 
g
iJ , as a function of g

iΦ , we impose the continuity of 
heterogeneous scalar fluxes at a given interface:  

Lg
ih

Rg
ih

,
,

,
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The desired expression for Lg
iJ ,  can be derived by utilizing 

Eqs. (10)-(14): 
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The substitution of Eq.(15), and of a similar expression for 

Rg
iJ , , into Eq.(11) results in a tridiagonal system of 

equations for g
iΦ .  This similarity in structure of the two 

direct CMFD methods gives the opportunity to couple the 
two methodologies transparently.  The only remarkable 
difference between the two methods is that there is no 
homogenized parameter involved in the RF method.  The 
next section discusses the additional condition that must be 
met in order to seamlessly incorporate transport theory based 
response matrix method into CMFD analytic diffusion 
method. 
 
Hybrid Nodal Interface Current Formulation 

In the previous sections, the interface currents have been 
expressed in a straightforward manner as functions of node 
averaged scalar fluxes when the interface under consideration 
is located between the same types of nodes.  For instance, the 
current at the interface between two diffusion nodes can be 
formulated by following the CMFD analytic nodal Green’s 
function technique, whereas that at the interface between two 
transport nodes can be derived based on the RF formulation, 
as just shown.  However, if the target interface is located 
between a diffusion node and a transport node, the derivation 
of the expression for the current must take into account a mix 
of diffusion and transport effects.  The derivation steps of 
such an expression are consistent with those of the previously 
derived formulations that utilize the continuity of surface 
averaged scalar fluxes.  However, it is necessary to use two 
different formulations for surface averaged scalar fluxes: on 
one side of the interface the scalar flux is based on the 
CMFD diffusion formulation whereas on the other side the 
scalar flux is based on the RF formulation.  For instance, on 
the interface between a CMFD diffusion node on the left and 
a transport node on the right, one must enforce the continuity 
of scalar flux by introducing the discontinuity factor only on 
the CMFD diffusion side: 

 
Lg

ih
Rg

i
Rg

if ,
,

,
1

,
1 φφ =−−  .  (16) 

 
By utilizing Eqs.(4), (6), (10), (11), (14), and (16), one can 
derive a hybrid expression for the interface current: 
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,,, φγα
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By taking into account all the possible diffusion-transport 
hybrid configurations, a tri-diagonal system of equations for 
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the node averaged scalar fluxes is obtained utilizing these 
interface current formulations (Eqs.(8), (15), and (17)), the 
CMFD nodal balance equation (Eq.(4)), and the RMNB 
equation (Eq.(11)). 

NUMERICAL RESULTS 
To demonstrate the performance of the new hybrid nodal 

method, as implemented in the INL code PEBBED [6], we 
present numerical results for a 1D model problem inspired by 
the design of the PBMR.  The 1D PBMR model core, shown 
in Figure 1, consists of an inner reflector (100cm), a fuel 
region (85cm), and an outer reflector (50cm).  We define two 
uniform coarse nodes in the inner reflector, five in the fuel 
region, and two in the outer reflector.  The innermost coarse 
node in the outer reflector (Node 8) contains the control 
element having a thickness of 1.5cm, shown in Figure 2.  The 
reflective and vacuum (Jin = 0) boundary conditions are 
applied on the inner and outer boundaries, respectively.  The 
nuclide concentrations of this test problem are shown in 
Table 1. 
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Figure 1. 1D PBMR Model Geometry. 
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Figure 2. Geometric Configuration of Node 8. 

 
The few group homogenized cross sections and response 

functions are generated in two different ways by means of 
MCNP [10] or modified MCNP transport computations. 

 
The first computation is a full domain transport 

computation (i.e., a full core solution).  The data generated 
from this case (diffusion theory parameters, discontinuity 
factors and response functions) are fully compatible with the 
transport solution and are considered reference data in this 
work. 

 
 

Table 1. Nuclide Concentrations of 1D PBMR Model 
 
 

Nuclide Density 
  (×1024 atoms/cm3) 

Inner reflector C 8.97470×10-2 

U-234 1.16811×10-7 
U-235 1.19359×10-5 
U-238 1.10859×10-4 

O 2.45830×10-4 
Si 2.75487×10-4 

 
 

Fuel 

C 5.23349×10-2 
Outer reflector C 9.02480×10-2 

B 3.20000×10-6  
Control rod C 7.24720×10-2 
 
In the second approach the diffusion theory data and the 

discontinuity factors are generated using the conventional 
approach in which a full core computation is not performed, 
but rather data are prepared for limited regions using the 
conventional approach of assuming reflective boundary 
conditions.  The response functions are generated using a 
local transport solution for unit incoming partial currents at 
each surface (using energy and angular unfolding based on 
saved spectra and angular distribution from either the 
reference solution or a two node solution).  For the non-
multiplying nodes, a driving boundary condition is used for 
the generation of the diffusion theory data and the 
discontinuity factors.  All the data generated in this model 
problem assume a thermal energy cut-off at 2.38 eV. 

 
The full core MCNP solution mentioned above is taken 

as the reference solution in this work. 
 
Four additional solutions can be obtained from the data 

generated as described above.  These three solutions are: 
 

(1) a “Conventional-data CMFD diffusion” 
solution, using conventional CMFD with diffusion 
theory treatment in all nodes and with data generated 
according to the traditional approach of limited zones 
with reflective or driving boundary conditions, as 
appropriate, 

 
(2) a “Hybrid conventional-data CMFD” solution 

with diffusion CMFD treatment in all nodes except for 
transport treatment through RF-based CMFD in the 
controlled node, using data generated per the 
conventional method of limited zones with reflective 
boundaries for the diffusion nodes and using RFs 
derived for isolated nodes for the transport node; this 
case does not make use of discontinuity factors and its 
data do not conform to modern equivalence theory,  

 
(3) a “Hybrid exact-data CMFD” solution with 

diffusion CMFD treatment in all nodes, except for 
transport treatment through RF-based CMFD in the 
controlled node; this case uses “exact” reference data 
generated from the MCNP reference solution for the 
diffusion nodes and RFs derived from the reference 



 5 Copyright © 2006 by HTR2006 

MCNP solution for the controlled node; this case also 
uses discontinuity factors and updates them through the 
rehomogenization approach, and 

 
(4) a “diffusion CMFD Reference” or “CMFD with 

exact data” solution that uses diffusion-based CMFD in 
all nodes with “exact” diffusion theory data generated 
from the reference MCNP solution results and based on 
the application of modern equivalence theory 
augmented with the rehomogenization step for the 
discontinuity factors. 

 
The controlled node referred to in the cases descriptions 

above is the node labeled “8” in Figure 1. 
 
Based on Generalized Equivalence Theory [1], the nodal 

calculations for the “diffusion CMFD Reference” case is 
expected to reproduce the MCNP-equivalent solution 
provided that the discontinuity factors are also exact.  In 
order to find accurate discontinuity factors, the 
rehomogenization technique [11] was applied.  This 
technique involves an additional outer iteration loop for 
updating the discontinuity factors.  This process usually 
converges in 10-20 iterations.  Note that the 
rehomogenization is used only for the discontinuity factors 
since all other few group data items are exact.  The use of 
exact group data effectively simulates the rehomogenization 
for those data. 

 
Figures 3 and 4 show the node-averaged group scalar 

fluxes obtained using the new hybrid CMFD method.  For 
comparison, these figures include the MCNP solution as well 
as the results from all four cases defined above.  In these 
figures (as well as Figs. 5 and 6), the various cases are 
labeled “Conventional CMFD Diffusion” for Case (1), 
“Hybrid w/o Exact Data for Case (2), “Hybrid” for Case (3), 
and “CMFD Diffusion w/Exact Data” for Case (4). 
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Figure 3. Fast Group Node Average Scalar Flux 

 
The quantitative difference between the new method and 

MCNP solutions can be observed in Figures 5 and 6.  As seen 
in these figures, it is apparent that the new hybrid method, 

when used with data that conform to the prescriptions of 
modern equivalence theory, is highly accurate.  It nearly 
matches the solution quality of the CMFD diffusion with 
exact data and rehomogenization.  The maximum relative 
difference occurs within the outer reflector region in both 
energy groups; however, these maximum errors are less than 
1% and occur in regions where no fissions occur.  The 
relative differences within the fuel region are very small, 
always less than 0.2%.  In contrast, the solution by the 
conventional CMFD diffusion calculation has a maximum 
relative difference of over 10% in both energy groups.  These 
results demonstrate not only the superiority of the new hybrid 
CMFD method over the current methodology but also the 
effectiveness of the rehomogenization method for few group 
data. 
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Figure 4. Thermal Group Node Average Scalar Flux 
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Figure 5. Fast Group Flux: Relative Difference to MCNP 

 
Further observation of Figures 5 and 6 reveals that the 

use of the RF-based CMFD method in the controlled node, 
instead of diffusion theory-based CMFD, improves the 
solutions in that node.  Another important observation is the 
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obvious fact that the proper preparation of diffusion theory 
data is paramount in the production of correct diffusion 
theory solutions, as previously observed by the authors in the 
context of the generation of data for the pebble bed reactor.  
In particular, it must be noted that the use of point spectrum 
codes without spatial/spectral effects correction seems 
inadequate for the task and that modern equivalence theory 
methods must be adapted and applied. 
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Figure 6. Thermal Group Scalar Flux: Relative Difference to 

MCNP Solution 
 
Table 2 shows the eigenvalue obtained by each method.  

As seen in this table, the eigenvalue obtained by the new 
hybrid method, as well as by the CMFD with exact and 
rehomogenized data, is very close to that obtained by MCNP, 
having 0.2% of relative difference. 

 
Table 2. Eigenvalue Obtained by Each Method. 

 keff 

 
Hybrid 

 

 
1.17154 

 
Conventional CMFD 

 

 
1.15566 

 
CMFD w/ exact data 

 

 
1.17137 

 
Hybrid w/o exact 

data 
 

 
1.15625 

 
MCNP 

 

 
1.16934 

 
The agreement between the new method and the 

reference values shown in Table 2 appears impressive.  
However, it is important to analyze whether the relative 
differences while being quantitatively small are qualitatively 

small enough to provide confidence in criticality predictions.  
For this purpose, the MCNP code was used to obtain the 
eigenvalue while modeling node 8 without a control rod in it.  
In this latter situation, the value obtained for keff is 1.28111.  
Next, the relative change in multiplication factor is computed 
(i.e., the reactivity, kk /∆  is obtained) that is due to the 
control rod insertion and withdrawal.  A quantitative 
comparison of relative eigenvalue changes is shown in Table 
3.  In this table, one can observe that the relative error in the 
eigenvalue obtained using the new hybrid nodal method is 
much smaller than the eigenvalue change due to the 
presence/absence of the control rod. 

 
Table 3. Relative Changes in Eigenvalue kk /∆  

 
Method-based relative error 

in keff 

 

 
 

0.2% 

 
∆k/k  due to CR insertion 

 

 
-9.6% 

 
∆k/k due to CR withdrawal 

 

 
8.7% 

 

DISCUSSION 
A new hybrid CMFD method has beeb developed that 

can effectively treat non-multiplying zones.  The method has 
been demonstrated with a 1D model problem representative 
of pebble bed reactors.  Two different direct CMFD methods, 
the analytic nodal diffusion Green’s function technique and 
the transport based RF method, are seamlessly connected 
with each other retaining the properties and the structure of 
the CMFD diffusion solver in the PEBBED code.  This is 
achieved using a mathematically rigorous formulation.  The 
numerical results obtained with the sample problem show the 
high accuracy of the new hybrid CMFD method.  It is 
demonstrated that the new method enjoys almost the same 
level of accuracy as that of the analytic CMFD diffusion 
method with exact and rehomogenized data.  Because of this 
result the method is currently undergoing extension to 3D 
cylindrical geometry for implementation into the PEBBED 
code as a neutronics solver option. 

 
It is noteworthy that the new hybrid nodal method does 

not require the homogenization of the control rod nodes.  
Instead, it requires the pre-computation of response 
functions.  The latter are material-, geometry- and context-
dependent. 

 
It must be born in mind that the new method, as others 

before it, is ultimately only as good as the data that are fed 
into it.  One of the important conclusions of this paper is that 
while the new method can improve the solution in the nodes 
in which RF-based CMFD is used, the overall diffusion 
theory solution requires the preparation of diffusion data 
based on modern equivalence theory if reliably and 
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consistently good results are to be achieved.  The methods 
currently used for pebble bed reactor design and analysis do 
not yet apply the modern theory, and they should be brought 
up to date in this regard. 
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ANNEX A 

GREEN’S FUNCTION FOR ANALYTIC DIFFUSION 
SOLUTION 

 
The Green’s function used in the analytic CMFD 

diffusion method is the solution of the following Neumann 
problem [8]: 
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where Dg is the diffusion coefficient.  The solution of this 
problem is given by: 
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Based on this solution, the explicit forms of the discretized 
Green’s function coefficients in Eqs. (5) and (6) can be 
written as: 
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